
T R A N S I E N T  T E M P E R A T U R E  F I E L D  I N  A F L A T  P L A T E  

W I T H  I N T E R N A L  C O M P O U N D I N G  O F  H E A T  C O N D U C T I O N  

A N D  R A D I A T I O N  

V. F .  V o r o b ' e v  a n d  Yu.  I .  D u d a r , k o v  UDC 536.3 

The heating of a f ia t  p la te  is analyzed,  this plate  being made of a m a t e r i a l  with se lec t ive  
rad ia t ion  absorp t ion  c h a r a c t e r i s t i c s ,  when the act ive external  convect ive and rad ia t ive  
fluxes va ry  with t ime .  

The heating ra te  of m a t e r i a l s  with se lec t ive  radia t ion absorpt ion c h a r a c t e r i s t i c s  depends on the e m i s -  
sion s p e c t r u m  of the source  and on the absorpt ion  spec t rum of the m a t e r i a l .  Radiant energy  is t r ansmi t t ed  
with at tendant pa r t l y  total  re f lec t ion  and par t ly  re f rac t ion  of r ays  at the in te rmedia  boundar ies  around the 
r e c e i v e r  body.  As the power  of the ex te rna l  radia t ion source  i n c r e a s e s  and as the body t e m p e r a t u r e  r i s e s ,  
these  phenomena play a m o r e  impor tan t  role  in the heat  propagat ion  inside the body [1]. 

The t e m p e r a t u r e  field in a f iat  plate ,  taking into account these  phenomena,  was f i r s t  analyzed in [2] 
in connection with the heating ra te  of s labs  of optical  g l a s s .  I t  was a bas ic  deficiency of that analys is  to 
cons ider  the in tens i ty  of the externa l  heat  source  constant  and equal to the intensi ty  of an ideal  b lack-body  
e m i t t e r .  The volume of ca lcula t ions  requ i red  to account  for  the in ternal  absorpt ion  of r ad i an t  energy was 
so s tagger ing  that  even with the aid of m o d e r n  computers  only the s imples t  p rob lems  could be solved.  An 
approx imate  method of solution based  on the concept  of effect ive e m i s s i v i t y  of a su r face  [3] is applicable 
only when the t e m p e r a t u r e  grad ien ts  a re  smal l .  

The method of solution cons idered  he re  will be based  on the hypothesis  of smal l  re f lec t iv i ty  and on 
the concept  of c h a r a c t e r i s t i c  (optically thick and opt ical ly  thin) radia t ion absorpt ion  l a y e r s ,  which does not 
e s sen t i a l ly  r e s t r i c t  the appl icabi l i ty  of the solution to a ce r t a in  c lass  of p rob l ems  only. The plate  m a t e r i a l  
m a y  be any d ie lec t r i c  with a low mean  re f lee t iv i ty .  

Fig .  1. Schemat ic  d i ag ram de-  
pict ing the t r a n s m i s s i o n  of r a y s  
through a f iat  p la te .  

Fundamental  Equat ions.  The absorpt ion of radiant  energy  
bands i~dw and I~dr in an infinitely l a rge  plate depends on the opt i -  
cal  thickness  s in the di rect ion of wave t rave l ,  at  an angle 0 to the 
plate axis x (Fig. i): 

S X 

0 0 

and, under  conditions of local  the rmodynamic  equi l ibr ium, follows 
the equation 

n ~ 

with the upper sign (• for I R corresponding to T = ~" and the lower sign (-) 
corresponding to ~- = TO--T, T 0 = T(1). According to the Refraction 
Law 

sin O' = n sin 0 (2) 

the boundary  conditions inside the body nea r  the ~ = 0 boundar ies  b eco me  
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F ig .  2.  S p e c t r a l  r e f l e c t i v i t y  of d i e l e c t r i c s ,  a s  a func t ion  of the inc idence  and the r e f r a c t i o n  
angle :  1) p(O) fo r  n = 1o5; 2) p(0) fo r  n = Z; 3) p(O') fo r  n = 1.5; 4) p(O') f o r  n = 2. 

F ig .  3. P l a t e  t e m p e r a t u r e  (T ,  ~ as  a funct ion of t i m e  (t,  sec ) ,  a c o m p a r i s o n  b e t w e e n  r e -  
su l t s  of our  ca l cu l a t i on  ( so l id  l ines)  and the r e s u l t s  in [2] (dashed  l ines)  fo r  the t e m p e r a -  
t u r e  a t  the p la te  s u r f a c e s  (1) and a t  the p la te  c e n t e r  (2). 

I~= (0, -+-~) =pp(~t, ~t')l~ (~0, T[~) @ [1 --ppOx, ~')]n~l~p(~ ', l), (3) 

with p = j and p = k c o r r e s p o n d i n g  r e s p e c t i v e l y  to the u p p e r  and the l ower  s ign  (4-) fo r  I A. 

In  the equa t ion  of e n e r g y  t r a n s m i s s i o n  

OT d I OT q~(T, , , , x ,  t) 1 (4) ?c (r) Ot Ox A (r) Ox- --  

t h e r e  a p p e a r s  a t e r m  r e p r e s e n t i n g  the r e s u l t a n t  i n t e r n a l  r a d i a t i o n  flux 
o~ 

T h e  f r a c t i o n  of  r a d i a n t  e n e r g y  which  i s  a b s o r b e d  and  e m i t t e d  a t  the p la te  s u r f a c e s  ( i t  can be  def ined 
by  the c r i t e r i o n  a2~l  > 1 fo r  a c h a r a c t e r i s t i c  l a y e r  t h i c k n e s s  Al << l) d e t e r m i n e s ,  t o g e t h e r  with the c o n -  
vec t ive  f luxes  e x p r e s s e d  in t e r m s  of h, H, o r  q, the b o u n d a r y  condi t ion fo r  Eq.  (4): 

w h e r e  6p = - i  f o r p  = j  a n d 6 p = l f o r p = k .  

A c c o r d i n g  to F r e s n e l ' s  law,  fo r  i n t r i n s i c a l l y  p o l a r i z e d  r a d i a t i o n  

1 
p : - - ~ -  (pA_ + p II ), 

(7) 
pA_-  sin~(0' - -  0), ell = Ig z (0' - -  O) 

sin2(0 ' + 0) tg ~ (0' -~ 0 )  ' 

w h e r e  the ind ices  X, j ,  and k of p have  b e e n  omi t t ed .  F o r m u l a s  (2), (3), and (7) a r e  va l id  fo r  su f f i c i en t ly  
s m o o t h  s u r f a c e s .  The  p h e n o m e n a  of d i s p e r s i o n  o r  s c a t t e r  a r e  not  c o n s i d e r e d  h e r e .  

Solution of the Problem. For a given initial temperature distribution T (x) the problem is defined by 
relations (i)-(7). An essential difficulty in solving it has to do with the calculation of the qr-term in (4). 
We show here a procedure calculating this quantity in the ease of zones optically thin and optically thick 
with respect to the radiation absorption spectrum. After that, the solution of the problem by the explicit 
finite-difference scheme of approximation presents no basic difficulties and has been carried out with the 
aid of a c o m p u t e r .  
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Fig .4 .  Tempera ture  of quartz plate surfaces  
(T, ~C) as a function of t ime (t, see): tern- 
pera ture  of outer surface (1) and of inner sur -  
face (2) for a semit rans lucent  plate (solid line s) 
and for an opaque (s = 0.91) plate (de shed line s). 

when p = k. 

Integrating Eqs. (1) with the conditions (2), inser t -  
ing the obtained expressions for I~ and I~ into (5), and 
then integrating (5) with respect  to p(dco = -#d~) ,  we find 

1 

qx~=2anaES Apa{(1--pp)l~;exp[--~) 
p 0 

-}-pv(1--pq)I~.q exp(-- % -b~t ~-) 

,t- o 

q- n--~-~ 'xo[exp ( - -  % ; ~ ) q- pa exp( 2"o --~*-b~-) ] 
0 

t~  . To 
• d ,}  Pxt~ + 2n2 [ I~oE~('~--'~l)d,--~l;,oE~('q--'Od'q](8) 

0 

withp ,  q = j ,  k a n d p ~ q w h i l e ? = r w h e n p  =j ,  b u t r  =% 
- r and 

A,k= [ 1 - - p , p h e x p ( - - - ~ ) ]  -~, A~,,=--A,~, (9) 

In the las t  two te rms  of (8) an additional integration has been performed with respect  to ~ according 
to the well known fo rmula  

1 

In order  to continue integrating with respect  to ~, we consider the values of ref leet ivi ty for dieIec- 
t r ies  in an a i r less  medium. The 0 = 0(0) and 0 = P(0') character is t ics  calculated according to (2) and (7) 
are  shown in Fig .2 .  The value of p(0') does not differ much from the value of p n at normal  incidence for 
all  angles 0' ~ 60 ~ at which the quantity o femi t t ed  energy is relat ively high. An examination of the mean 
hemispherical  ref leet ivi ty p of dielectr ics  - averaged over the incidence angles and over the polarization 
angles - shows that Pn << 1 when n -< 2.5; 1 - p  is equal to 1 - p  n within 5% and is only a weak function of k 
[4, 5]. We will, therefore,  approximate function p(8') as follows: for 8' < ~r/2 we replace pj and Pk by their  
mean values pj and Pk, considering that O(pj) = O(pk) = O(p) and O(p 2) << 1. With respect  to inteffialangles 
0, this corresponds to a piecewise-eonstant  approximation: for O < 0. we let pj = p] and Pk = Pk, for 0 -> 0. 
we le t  pj = Pk = 1. Treat ing p2 as the small  pa ramete r  in the problem, wewiI1 es t imate  the te rms  in (8) 
with r 0 within the absorption bands where r 0 > 1 and r 0 within the t ransmiss ion  bands where r 0 << 1. Since 
the integrand functions of the Ajkf kind in (8) are sign-definite as far as integration with respect  to u inside 
the braces  is concerned and since they do not contain singulari t ies  (% ~ 0), hence expanding (9) into a 
power ser ies  at various values of r 0 and 0 will yield for these te rms  

1 ~ ,  1 

5A,~C-p, It)[(z, t*)~tdli = A, .[ ]~tdt~ ]o<o* q- AI S [l~d~ lo>o,' (11) 
0 0 .u,. 

where 

and 

N , - -  o + ( 1 ) ,  

where T o> l a n d w h e n r  o << l r e s p e e t i v e l y .  Here # , <  ~ ___ 1 for A 1 and 0 < ~-</** f o r A  2 (the O(p2)-term 
has been retained in the expression for At, for the purpose of examining cer ta in  limitations).  
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I t  wil l  be  a s s u m e d  tha t  the r a d i a t i o n  s o u r c e s  off the p la te  s u r f a c e  x = 0 a r e  d i s t r i b u t e d  within  an op t i -  
ca l ly  thin I a y e r  of gas  a t  a high t e m p e r a t u r e ,  this  l a y e r  hav ing  a cons tan t  t h i c lmess  b, and tha t  the s t a t e  of 
the gas  does  not  depend on the p la te  t e m p e r a t u r e .  In this  c a s e  the m o n o c h r o m a t i c  a b s o r p t i v i t y  of the gas  
l a y e r  at  an angle  0' to the x - a x i s  is  [6]: 

c ~  = 1 - -  exp ( - -  e~e~) ~ie~%, (12) 

with et~ = l / ix ' ,  e)t = a~b,  and a~ denot ing  the s p e c t r a l  r a d i a t i o n  a t t enua t ion  f a c t o r  in a m u l t i c o m p o n e n t  m i x -  
t u r e  of n o n r e a c t i n g  g a s e s .  The  p a r a m e t e r  e#, which de f ines  the d i r e c t i o n a l  c h a r a c t e r i s t i c  of  r a d i a t i o n  IXj, 
m a y  be c o n s i d e r e d  l i m i t e d  (p(O') i n c r e a s e s  r a p i d l y  a t  ang le s  0 > 60 ~ and it  su f f i ce s  to c o n s i d e r  o n l y a n g l e s  
s m a l l e r  than those  and to a s s u m e ,  a c c o r d i n g l y ,  tha t  a# < 2). Thus ,  a c c o r d i n g  to (12), we have fo r  the Ijt j -  
t e r m s  in (6) and (8), at  wave l eng ths  wi th in  the a b s o r p t i o n  ( t r a n s m i s s i o n )  band  of the m a t e r i a l ,  

f l~4d), = 1 ~ ~z~I~odL' = e~ ~e~I~o(Tj)d)~'. (13) 

F o r  a r a d i a t i n g  g a s ,  funct ion a x depends  s t r o n g l y  on X, b e c o m i n g  z e r o  wi thin  c e r t a i n  wave leng th  bands ,  a l so  
g e n e r a l l y  on the gas  t e m p e r a t u r e  as  wel l  as  p r e s s u r e :  ca l cu l a t i ng  this  funct ion m a k e s  the n u m e r i c a l  s o l u -  
t ion of the p r o b l e m  m o r e  c o m p l i c a t e d .  

On the b a s i s  of (10), (11), and (13), alI  t e r m s  in (6) and (8) r e f e r r e d  to the wave l eng th  band dX a r e ,  
a f t e r  i n t e g r a t i o n  with r e s p e c t  to g, e x p r e s s e d  as  i n t e g r a l s  

e 2 (Z) [~0 ('171) d~andI~o (Tp) fE~ (z) d~,  (14) 

w h e r e  a r g u m e n t  z a s s u m e s  the va lues  r ,  ~-t + v,  2 r 0 - r ~  + r ,  2~ 0 + ~--z~, 2~ 0 + r t - ~ -  , Z--T~, V0--~, and 2~ 0 
-~ '~  A f u r t h e r  t r a n s f o r m a t i o n  with r e s p e c t  to zt  and X is  cont inued wi th in  the t r a n s m i s s i o n  band A i by  
m e a n s  of the a s y m p t o t i c  r e p r e s e n t a t i o n  of E (z) n e a r  z = 0 and within  t h e  a b s o r p t i o n  band  A i by  r e p r e s e n t i n g  
the a r g u m e n t  of Ix0 ff~) as r~ - z 0 + z, fo l lowed by  an expans ion  of I~o (z 0 + z) in (14) into a p o w e r  s e r i e s  
n e a r  z 0 for  s m a l l  z; such  a t r a n s f o r m a t i o n  is  shown in, fo r  i n s t ance ,  [5]. 

The  t r a n s f o r m a t i o n  of al l  t e r m s  in (8) for  the t r a n s m i s s i o n  band w i t h a  i = a i f f )  and for  the a b s o r p t i o n  
band wi th  a i = cons t  wi l l  y i e ld  fo r  those  t e r m s  

I 

Ox c)qr - 4a~(T) [q ) i - -  ~ Cpq S 8Lp]~O (Tp) d)~' T 0 ~ i ) f  ai(JDidI J 
p A i 0 

Ox 3a~ Ox 2 + Fivg~--D~p e~.~l~o (Tp) d~' j , 
P A i 

1 

Cpq= (1---pp)(1 + p q )  ; e~v&'d~' 
2 n ( 1 -  pp pq) -Vn292. +px, ~ (p, q = ] ,  k; p=/=q), 

0 

I 

D~v = 2a~ (1 - -  p~) exp 15n2~ ~ ~x '~ I/I n2~ -t- P~ '~ (P = ]' k), 
0 

(i5) 

O) i (n)~T) -- [0 (n)~T) - -  ~l (n~_lT)] n2aT~, 

w h e r e  funct ion ~? has  been  t abu la t ed  in [5]: 

nLT 

n3(yTi I~o (z) dz. 
0 

F o r  the t h e r m a l  f lux a t  the s u r f a c e  we find f r o m  (6) 

1 

5pAp (Tp) ~ x  f %p~'dp/ 
0 A i 

ezplzo(Tp) ds -- .  r ] + hp (t) [Hep (t) - -  H (Tp)] -l- qp (t) (p = ], k). (16) 

633 



F o r m u l a s  (15) and (16) can be used  in the de r iva t ion  of  r e spec t i ve  f o r m u l a s  for  any n u m b e r  of zk i 
bands .  

A c o m p u t e r  p r o g r a m ,  on the BESM-3M,  has been  se t  up for  ca lcu la t ing  the t e m p e r a t u r e  of  a plate  
hea ted  f r o m  the x = 0 s u r f a c e  by  a given rad ia t ive  flux at a gas  t e m p e r a t u r e  ~:j (t) and by a convect ive  flux, 
the l a t t e r  defined as a funct ion of  t ime in t e r m s  of enthalpy,  o r  by a flux q.. (t). At the x = l su r f ace  is given 

J 
a convec t ive  flux. The quant i t ies  e, A, and a for  the t r a n s m i s s i o n  band  a r e  funct ions of the t e m p e r a t u r e .  

E x a m p l e s .  In the f i r s t  example  a 6 m m  t~ick pla te  of  s i l i ca te  g l a s s  is heated  f r o m  ideal  b l ack -body  
s o u r c e s  r ad ia t ing  at  a cons tan t  t e m p e r a t u r e  Tj  = T k  = 707~ This s imp le  example  is i n t e res t ing  on a c -  
count  of  the n u m e r i c a l  so lut ion obtained [2] wi thout  the a sympto t i c  r e p r e s e n t a t i o n s  for  q r ,  which we have 
used ,  and without  taking into c o n s i d e r a t i o n  the s m a l l n e s s  of  p a r a m e t e r  p. That  t heo re t i ca l  approach  has 
b e e n  suppo r t ed  a l so  by e x p e r i m e n t .  The  t r a n s m i s s i o n  band for  these  ca lcu la t ions  was  a s s u m e d  1 .0-2 .75 # 
with an a t tenua t ion  f a c t o r  a = a (T)  and the abso rp t i on  band was  a s s u m e d  2 . 7 5 - 4 . 0 ~  with a = 500 m -1. L o n g -  
wave r ad ia t ion  (>4 .0#)  was  a b s o r b e d  at the plate  s u r f a c e s .  

The  c o m p a r i s o n  of ca l cu la t ed  r e s u l t s  shown in Fig .  3 e s t ab l i shes  a c lose  a g r e e m e n t  be tween  both 
so lu t ions ,  within a p p r o x i m a t e l y  5%. 

In  the second  example  a qua r t z  p la te  is hea ted  f r o m  the x = 0 s u r f a c e  by  a t h e r m a l  flux q(t): q = 1.5 
�9 10 -5 sin(Trt/200) dur ing t = 200 sec  and q = 0 a f te r  200 sec .  The o ther  ini t ial  data a r e :  n = 1.5, l = 12 m m ,  
T(x) = 300~ at  t = 0, the t r a n s m i s s i o n  band 0-3.5/~ with a = 0.18 m -1, the abso rp t ion  band 3 . 5 - 4 . 3 #  with a 
= 150 m -1, l ong-wave  rad ia t ion  (>4.3 ~) a b s o r b e d  at  the su r f ace  [7], T = 2220 k g / m  3, and the c ( T ) ,  A(T) 
c h a r a c t e r i s t i c s  taken f r o m  [8]. 

The r e s u l t  of ca lcu la t ions  is shown in Fig.  4 in t e r m s  of pla te  s u r f a c e  t e m p e r a t u r e  as  a funct ion of 
t ime .  F o r  c o m p a r i s o n ,  a l so  the t e m p e r a t u r e  .calculat ions for  an opaque pla te  (qr  - 0 in (4) and e = 0.91) 
a r e  shown h e r e .  

This  c o m p a r i s o n  ind ica tes  that  bulk  r ad ia t ion  of t h e r m a l  e n e r g y  in qua r t z  a f fec t s  the t e m p e r a t u r e  
f ield,  beg inn ing  a p p r o x i m a t e l y  a t  a plate  t e m p e r a t u r e  of 300~ and then shif t ing the m a x i m u m  at h igher  
t e m p e r a t u r e s ,  in  consequence  of  a r educed  e f fec t ive  e m i s s i v i t y  of the p la te  behaving  as a s e m i t r a n s l u c e n t  
body.  

In  s i l i ca te  g l a s s e s  this ef fec t  is we a ke r ,  b e c a u s e  of the i r  n a r r o w e r  t r a n s m i s s i o n  band and the lower  
a l lowable  t e m p e r a t u r e  l imi t  to which a p la te  m a y  be hea ted .  

N O T A T I O N  

l 
X 

O', O 
= cos  O ; 

n 

T 

T 
S 

I ,li 
0A 

P 
t 

C 

A 
q 

qr 
h 
IA0 

is the wavelength ;  
is the p la te  th ickness ;  
is the coo rd ina t e  n o r m a l  to the p lane  of  the p la te ;  
is the a t tenuat ion  f ac to r ;  
a r e  the po l a r  inc idence  and r e f r a c t i o n  angle r e s p e c t i v e l y ;  

is the r e f r a c t i v e  index; 
is the opt ica l  t h i ckness ;  
is the t e m p e r a t u r e ;  
is the coo rd ina t e  along the r ay ;  
a r e  the s p e c t r a l  in tens i ty  of rad ia t ion  in the f o r w a r d  d i rec t ion  s and in the r e v e r s e  d i r ec t i on  r e s p e c -  

t ive ly ;  
is the so l id  angle;  
is the r e f l ec t iv i ty ;  
is the t ime ;  
is the c h a r a c t e r i s t i c  t e m p e r a t u r e  of ex te rna l  r ad ia t ion  s o u r c e ;  
is the dens i ty  of  the m a t e r i a l ;  
is the spec i f ic  hea t  of  the m a t e r i a l ;  
is  the t h e r m a l  conduct iv i ty  of the m a t e r i a l ;  
is the g iven e x t e r n a l  t h e r m a l  flux at the plate  s u r f a c e ;  
is the r e s u l t a n t  r ad ia t ion  flux; 
is the h e a t - t r a n s f e r  coef f ic ien t  in t e r m s  of enthalpy;  
is the s p e c t r a l  h e m i s p h e r i c a l  r ad ia t ion  in tens i ty  of an ideal  b l ack  body;  
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H e 
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F 
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Pn 

Tip = a i x  for  p = j; 
T i p = a  i ( l - x )  f o r p  = k .  

is the enthalpy of r ecove ry ;  
is the enthalpy at plate su r face  t empe ra tu r e ;  
is the mer id iona l  angle; 
is the mean  h e m i s p h e r i c a l  ref lec t iv i ty ;  
is the re f lec t iv i ty  at  a no rma l  angle of incidence; 
is the emissivity; 
is the Stefan-Boltzmann constant; 

S u b s c r i p t s  

( . . . ) '  
j,k 
( . . . ) ,  
i 

r e f e r s  to monochroma t i c  energy;  
r e f e r s  to outside the body; 
r e f e r  to plate su r f aces  x = 0 and x = 1 respec t ive ly ;  
r e f e r s  to c r i t i ca l  r e f r ac t ion  angle; 
r e f e r s  to i - th  wavelength band A i = ~i - ~i-1. 
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